Although fuzzy operators have deserved a large attention in the Euclidean case, almost nothing exists concerning the geodesic case. In this paper, we address this question, by de"ning fuzzy geodesic distances between points in a fuzzy set, and geodesic balls in a fuzzy set (based on the comparison of fuzzy numbers), from which we derive fuzzy geodesic mathematical morphology operators. The proposed de"nitions are valid in any dimension. The main properties of the basic operators are demonstrated. These new operations enhance the set of fuzzy morphological operators, leading to transformations of a fuzzy set conditionally to another fuzzy set.
Introduction
The extension of mathematical morphology to fuzzy sets has become a focus of interest in several research teams since a few years, e.g. Refs.
[1}7] and several others since these original works. One interesting point of view of these extensions relies in the links existing between fuzzy morphological operators (in particular distances) and fuzzy distances. For instance, in previous works [8}10], we have shown how fuzzy morphological operators can be derived from fuzzy distances, and conversely how fuzzy dilation can be the basis for powerful fuzzy distances between a point and a fuzzy set and between two fuzzy sets.
Such links are widely studied in classical morphology, in the Euclidean case, but also in the geodesic case as well. Indeed, in mathematical morphology, an important set of operations is constituted by geodesic transformations [11}14] . They are most useful in image processing and pattern recognition, where transformations may have to be performed conditionally to a restriction of the spatial domain. Applications can be found for de"ning operators under reconstruction (e.g. "ltering operators), in image segmentation, and in pattern recognition, where operations have to be constrained by results of some other transformations.
In this paper, we propose to de"ne geodesic transformations on fuzzy sets, that extend our preliminary work in Ref. [15] . To our knowledge, this is the "rst attempt towards extending geodesic morphology to fuzzy sets, in contrary to Euclidean morphology, that has already motivated several works [1}7] . The aim of this extension is to provide geodesic operators for image processing under imprecision, where image objects are represented as spatial fuzzy sets. An object in the image is represented as a fuzzy set through a membership function assigning to each point of the image a value in [0,1] which represents its membership degree to the object.
What is called object depends on the application. It may be for instance a region in the image to which we can assign a label or a semantics. With such a representation, spatial imprecision, for instance on the limits of the objects, is directly taken into account. We will consider mainly dilation and erosion, which are the two main morphological operators, from which a large set of operators can be built, by iterating and combining these two basic ones. Let us "rst introduce some notations and recall some de"nitions of geodesic morphology on binary sets. In the Euclidean case, the considered space S is equipped with the Euclidean distance d # , and we denote by DP(>) and EP(>) the dilation and erosion of a set > by a ball B P of size r. In the geodesic case, transformations are de"ned conditionally to a reference set X. The considered distance is then the geodesic distance in X (i.e. the distance d 6 (x, y) from x to y is the length of the shortest path from x to y completely included in X). A geodesic ball of size r and center x is de"ned as
Geodesic dilation and erosion of > conditionally to X of size r are then de"ned as
We propose to generalize Eqs. (1)}(3) to fuzzy sets. We "rst de"ne the type of fuzzy sets we use here in Section 2, and present a general principle for extending operations. The generalization of Eqs.
(1)}(3) to fuzzy sets calls for extensions of geodesic distance and of geodesic balls to fuzzy sets. We have already proposed several de"nitions for fuzzy geodesic distances in Ref. [16] . We recall the de"nition having the best properties in Section 3, and propose another de"nition where the distance is considered as a fuzzy number. We propose in Section 4 a de"nition of fuzzy geodesic balls and we give its main properties. In Section 5 we derive de"nitions of fuzzy geodesic dilation and erosion, and present their algebraic properties.
Spatial fuzzy sets and extension of operations
A useful representation of objects in images under imprecision can be found in the framework of fuzzy sets [17, 18] . The space S is the image space, typically 9 or 9 for digital 2D or 3D images, or, in the continuous case, 1 or 1. We are interested in the objects of the image that we may describe as fuzzy sets. Thus we often call them fuzzy image objects. A fuzzy image object is a fuzzy set de"ned on S, i.e. a spatial fuzzy set. Its membership function is a function from S into [0,1] and represents the imprecision in the spatial extent of the object. For any point x of S (pixel or voxel), (x) is the degree to which x belongs to the fuzzy object. Since it is equivalent to speak about a fuzzy set or its membership function, we will use in the following either of both terms, and denote both by .
The advantage of this representation is to account for spatial imprecision that is inherent to images in several domains. This imprecision may originate from the observed phenomenon itself, from the limited resolution, from the reconstruction algorithms, etc. [18] . Spatial fuzzy sets therefore represent both the spatial information and the imprecision attached to it.
When dealing with fuzzy objects, operations usually de"ned on crisp (or classical or binary) sets have to be extended to fuzzy objects. Several di!erent methods have been proposed in the literature to this aim [2,19}21] . The method we use here consists in translating binary expressions into fuzzy ones. This method is particularly powerful if the operations can be expressed in set theoretical or logical terms.
The idea is to replace formally every binary (or crisp) concept by its fuzzy equivalent. Table 1 summarizes the main de"nitions of fuzzy equivalents (the reader may "nd more details about de"nitions and properties of t-norms, t-conorms and complementations in Refs.
[22}24]).
From these equivalences, more complex relationships can be translated. For instance, the expression ALB, which is equivalent to A!6B"S, is translated as
which is a number in [0,1] representing the degree to which the fuzzy set is included in the fuzzy set . The functions and represent the two concerned fuzzy sets, or equivalently their membership functions.
Such translations have already been used for de"ning Euclidean morphological operators [2] , leading to the following generic expressions for the dilation and erosion of a fuzzy set by a fuzzy structuring element : Fig. 1 . Illustration of the geodesic distance in a fuzzy set between two points x and y in a 2D space.
These de"nitions have good properties in terms of both mathematical morphology and fuzzy sets, as shown in Ref. [2] . Therefore, we based our work on these de"nitions. The proposed construction of geodesic operators will follow the same principle (Section 5).
One of the main advantages of this construction principle is that it leads to a nice axiomatization of the resulting operations. Indeed, since the fuzzy equivalent concepts of the basic set and logical operations share most of the properties of these crisp operations, the derived complex operations also satisfy a set of axioms. This set is precisely the one that has to be satis"ed in order to share similar properties in the fuzzy case and in the crisp case. However, as can be expected from any extension, some properties may be lost. The amount of loss depends on the choice of the t-norms and t-conorms. For instance, for Euclidean fuzzy morphology de"ned as in Eqs. (4) and (5), most properties of the operations are satis"ed whatever the choice of the t-norms and tconorms. A few properties are satis"ed only for speci"c choices of these connectives. This is the case for instance for the idempotence of opening and closing, that is satis-"ed only for the Lukasiewicz t-norm and t-conorm (i.e.
3. Fuzzy geodesic distance between two points in a fuzzy set
Fuzzy geodesic distance dexned as a number
We proposed in Ref. [16] an original de"nition for the distance between two points in a fuzzy set, extending the notion of geodesic distance. We recall here this de"nition and the main results we obtained.
The geodesic distance between two points x and y represents the length of the shortest path between x and y that`goes out of as least as possiblea. We have proposed several formalisms for this notion. Here we recall only the one having the best properties. This de"nition relies on the degree of connectivity, as de"ned by Rosenfeld [25] . In the case where S is a discrete bounded space (as is usually the case in image processing), the degree of connectivity in between any two points x and y of S is de"ned as
where¸denotes the set of all paths from x to y. Each possible path¸G from x to y is constituted by a sequence of points of S according to the discrete connectivity de"ned on S.
We denote by¸H(x, y) a shortest path between x and y on which c I is reached (this path, not necessarily unique, can be interpreted as a geodesic path descending as least as possible in the membership degrees), and we denote by l(¸H(x, y) ) its length (computed in the discrete case from the number of points belonging to the path). Then we de"ne the geodesic distance in between x and y as
If c I (x, y) " 0, we have d I (x, y)"#R, which corresponds to the result obtained with the classical geodesic distance in the case where x and y belong to di!erent connected components (actually it corresponds to generalized geodesic distance, where in"nite values are allowed).
This de"nition corresponds to the weighted geodesic distance (in the classical sense) computed in the -cut of at level " c I (x, y). In this -cut, x and y belong to the same connected component (for the considered discrete crisp connectivity). This de"nition is illustrated in Fig. 1 .
This de"nition satis"es the following set of properties (see Ref. [16] for the proof ):
depends on the shortest path between x and y that goes outa of `as least as possiblea, and d I tends towards in"nity if it is not possible to "nd a path between x and y without going through a point t such that (t)"0; (5) d I is decreasing with respect to (x) and (y); (6) d I is decreasing with respect to c I (x, y); (7) d I is equal to the classical geodesic distance if is crisp. Fig. 2 . Typical shape of the fuzzy geodesic distance between two points in a fuzzy set, de"ned as a fuzzy number.
The triangular inequality is not satis"ed, but from this de"nition, it is possible to build a true distance, satisfying triangular inequality, while keeping all other properties. This can be achieved in the following way (see Ref. [16] for proof and details):
These properties are in agreement with what can be required from a fuzzy geodesic distance, both mathematically and intuitively.
Fuzzy geodesic distance dexned as a fuzzy number
In the previous approach, the geodesic distance between two points is de"ned as a crisp number (i.e. a standard number). It could be also de"ned as a fuzzy number, taking into account the fact that, if the set is imprecisely de"ned, geodesic distances in this set can be imprecise too. This is the scope of this section.
One solution to achieve this aim is to use the extension principle, based on a combination of the geodesic distances computed on each -cut of . Let us denote by d I ? (x, y) the geodesic distance between x and y in the crisp set ?
. Using the extension principle, we de"ne the degree to which the geodesic distance between x and y in is equal to d as
This de"nition satis"es the following properties:
(1) If 'c I (x, y), then x and y belong to two distinct connected components of ?
. In this case, the (generalized) geodesic distance is in"nite. If we restrict the
denote the Euclidean distance between x and y. It is the shortest of the geodesic distances that can be obtained in any crisp set that contains x and y. This set can be for instance the whole space S, which can be assimilated to the -cut of level 0 ( ). Therefore, y) is a fuzzy number, with a maximum value for d I AI V W , and with a discontinuity at this point. Its shape looks as shown in Fig. 2 .
Since c I (x, y) corresponds to`heighta (in terms of membership values) of the point along the path that connects x and y, i.e. the maximum of the minimal height along paths from x to y.
This de"nition can be normalized by dividing all values by c I (x, y), in order to get a maximum membership value equal to 1.
One drawback of this de"nition is the discontinuity at d I AI V W . It corresponds to the discontinuity existing in the crisp case when x and y belong to parts that become disconnected. Further work aims at exploiting features of fuzzy set theory in order to avoid this discontinuity, if this is found desirable.
Fuzzy geodesic balls in a fuzzy set
Since several de"nitions of fuzzy geodesic distances exist or could be further proposed, we keep the following de"nitions of fuzzy geodesic balls as general as possible. Therefore, all what follows can be applied for any de"nition of a fuzzy geodesic distance, as a crisp number or as a fuzzy number.
General dexnition
In this section, we de"ne fuzzy geodesic balls in a fuzzy set. Let us denote by I (x, ) the fuzzy geodesic ball of center x and radius , conditionally to . We de"ne I (x, ) as a fuzzy set on S, and I (x, ) (y) denotes the membership value of any point y of S to the fuzzy geodesic ball. Intuitively, given that x is in to some degree, for each point y the value I (x, ) (y) represents the fact that y belongs to to some degree and that it is at a geodesic distance in from x less than . For that,
I
(x, ) (y) is de"ned as a conjunction of three terms: the degree to which x belongs to , the degree to which y belongs to , and the degree (d I (x, y)) ) to which d I (x, y)) , i.e.:
where t is a t-norm. 
( , the minimum is equal to d until the "rst intersection between d and , then it is equal to until the third intersection, and then equal to d again. Bottom left:
, the minimum is equal to d until the second intersection, and then to . Bottom right:
, the minimum is equal to d until the "rst intersection, and then equal to .
Simple example
Obviously, (d I (x, y)) ) should be a decreasing function of d I (x, y). If we consider that d I and are crisp numbers, we can choose a simple Heaviside function, such that
Then we derive
A fuzzy ball is therefore a subset of constituted of points y which are at a geodesic distance from x less than , and whose membership degrees are bounded by (x). In this case, we assume that the value of interest is precisely de"ned, which may appear as restrictive in a fuzzy context.
Comparison of two fuzzy numbers
If we consider that some imprecision is attached to , rather than considering it as crisp, then we can choose a smoother function, depending on the amount of imprecision attached to . The problem with this approach is that the chosen decreasing function is somewhat arbitrary, and probably di$cult to tune for speci"c applications.
Therefore, we propose another approach, where the link between this function and the imprecision of is made more explicit. For this aim, we consider as a fuzzy number. De x, y) ) ) using the minimum of two fuzzy numbers (continuous dark line) and using the relation`left toa (dashed line).
Detailed expression for the geodesic distance dexned as a number
Let us detail the analytical expression of (d I (x, y)) ) in the case where the fuzzy geodesic distance is de"ned as a crisp number. Applying Eq. (12) in in the case where y) is a crisp number, we come up with the following result, for all real number z: This represents the intersection of with the dilation of performed on a neighborhood containing the points y of (the conditioning aspect) such that d I (x, y)) (the geodesic distance aspect). This interpretation is in complete agreement with what is expected from a geodesic dilation.
Conclusion
We presented in this paper an original way to de"ne fuzzy geodesic morphological operators, based on fuzzy geodesic distance. We proposed de"nitions of these operators and of fuzzy geodesic balls that have good features: they deal with a direct representation of spatial imprecision in the fuzzy sets, they are consistent with existing binary de"nitions, they have good formal properties, in agreement with the formal properties of crisp de"nitions and with intuitive requirements.
Future works aim at investigating further properties of these de"nitions, at comparing the di!erent possible instantiations of them, and at evaluating their applications in image processing problems under imprecision.
